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NoNLINEAR ENERGY SINK (NES)

» NES: Nonlinear Energy Sink
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» Coupled to a Primary Structure (PS), the NES:
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i+pg+ay’=0

» Coupled to a Primary Structure (PS), the NES:

- Can adjust its frequency to that of the PS (relation amplitude/frequency)
- lrreversibly absorbs the energy of the SP (under certain conditions)

Targeted Energy Transfer (TET)
[Vakakis et al. (2006), Springer]
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NoNLINEAR ENERGY SINK (NES)

» NES: Nonlinear Energy Sink

» Oscillators with strongly nonlinear stiffness (here purely cubic) with linear damping:

i+pg+ay’=0

» Coupled to a Primary Structure (PS), the NES:

- Can adjust its frequency to that of the PS (relation amplitude/frequency)
- lrreversibly absorbs the energy of the SP (under certain conditions)

Targeted Energy Transfer (TET)
[Vakakis et al. (2006), Springer]

» Used for passive and broadband vibration mitigation in mechanical and acoustic systems:

- Free vibrations
- Forced vibrations
- Self-sustained vibrations
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Nonlinear passive control of self-sustained oscillations Context and state of the art

SELF-SUSTAINED OSCILLATIONS: VAN DER PoL (VDP) osciLLATOR

VAN DER PoL (VDP) 0SCILLATOR

VDP my =1 : mass
(—ep, €A) k =1 : stiffness
= wy=Vklim =1:

angular frequency

my =1
! —ep : linear damping

AAAIAIIIINIININNNNY
JadrTRNNINNN
NNNNNNNNNNNNNNNNNNY

k=1 eA : nonlinear damping

AR, AR
I

X —epx + eAxx? + x

p : bifurcation parameter
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SELF-SUSTAINED OSCILLATIONS: VAN DER PoL (VDP) osciLLATOR

: Hopf bifurcation point of equilibrium x¢ =0
> : Stable equilibrium

VAN DER PoL (VDP) 0SCILLATOR

Nonlinear passive control of self-sustained oscillations

Context and state of the art

mq =1 : mass 2
VDP i
(—ep, €A) k =1 stiffness X(t) o
= wy = Vk/m =1:
angular frequency
mq = 1 . . -2
—ep : linear damping 0
k=1 eA : nonlinear damping
P L
L x

t

1400

> : Unstable equilibrium + periodic solution

X — €epx + eAxx? + x

2

p : bifurcation parameter
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Nonlinear passive control of self-sustained oscillations

VAN DER PoL osciLLATOR couPLED To AN NES

Primary System

=€ ep : linear damping of the NES

(VDP) NES i —
(—ep. €A) ey ' _
my =
¥ H
my =1 : m2
k=1 510 OI0

7000707077070707020707
00050505050505052555557
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L y

x: displacement of the VDP

Floris Takens Seminars

Context and state of the art

: mass of the VdP
: mass of the NES

= € = my/my : mass ratio between NES and VDP

ea : cubic stiffness of theNES

y: displacement of the NES
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Context and state of the art

: mass of the VdP
: mass of the NES

= € = my/my : mass ratio between NES and VDP

ea : cubic stiffness of theNES

y: displacement of the NES
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MiTIGATION LIMIT OF THE NES

4 . .
BIFURCATION DIAGRAM = — Without NES
Steady-state amplitude as a function of the ..; 3| — With NES ]
bifurcation parameter p o
T2 1
-
=
=
e ]
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0
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Baptiste BERGEOT Floris Takens Seminars May 7, 2025 8/43



Nonlinear passive control of self-sustained oscillations ~ Context and state of the art

MiTIGATION LIMIT OF THE NES

4 :
BIFURCATION DIAGRAM = [| — Without NES :
Steady-state amplitude as a function of the .; 3| — With NES :
bifurcation parameter p o
S 2
2 MITIGATION NO
= 1t MITIGATION
p*: mitigation limit <E
0
-1 0 1 p* 3

Baptiste BERGEOT Floris Takens Seminars May 7, 2025 8/43



Nonlinear passive control of self-sustained oscillations Context and state of the art

MiTIGATION LIMIT OF THE NES

4 H
— | = Without NES :
Steady-state amplitude as a function of the .; 3| — With NES :
bifurcation parameter p o
S 2
2 MITIGATION NO
= 1t MITIGATION
U e £
p*: mitigation limit <
0
-1 0 1 p* 3
P
p =015 p=038 p=12
4 4 4
x(1) ) X0 X0
-4 -4 -4 -
0 t 1400 0 t 1400 0 t 1400 0 t 1400
Stabilization Periodic regime
(linar effect) (with high amplitude)
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MiTIGATION LIMIT OF THE NES

4 :
BIFURCATION DIAGRAM = — Without NES :
Steady-state amplitude as a function of the ..; 3| — With NES :
bifurcation parameter p o
S 2
2 MITIGATION NO
= 1t MITIGATION
p*: mitigation limit <E
0
-1 0 1 p* 3

ZEROTH-ORDER GLOBAL STABILITY ANALYSIS [CGendelman & Bar (2012), Physica D]

Theoretical prediction of the mitigation limit when
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EqQuATioNs oF THE AMPLITUDE-PHASE MobutaTioN Dynamics (APMD)

» Change of variable: x (VDP) and y (NES) = ‘ u=x+ey

ancl‘v:x—y|
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» Change of variable: x (VDP) and y (NES) = ‘ u=x+ey

ancl‘v:x—y|

= 1:1 resonance capture assumption

= u et v are amplitude- and phase-modulated = | u(t) = r(t)sin(t + 64(t)) | et | v(t) = s(t)sin(t + 62(t))
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EqQuATiONS OF THE AMPLITUDE-PHASE MobuLATioN DyNamics (APMD)

» Change of variable: x (VDP) and y (NES) = ‘ u=x+ey

ancl‘v:x—y|

= 1:1 resonance capture assumption

= u et v are amplitude- and phase-modulated = | u(t) = r(t)sin(t + 64(t)) | et | v(t) = s(t)sin(t + 62(t))

> Computing the APMD using a perturbation technique

i =ef(r,s,A)
S$=gi(r,s, A ¢€)
A =g(r,s,Ae)

r et s: amplitudes of v and v
A = 61 — 6;: phase difference between u and v
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EqQuATiONS OF THE AMPLITUDE-PHASE MobuLATioN DyNamics (APMD)

ancl‘v:x—y|

» Change of variable: x (VDP) and y (NES) = ‘ u=x-+ey

= 1:1 resonance capture assumption
= u et v are amplitude- and phase-modulated = | u(t) = r(t)sin(t + 64(t)) | et | v(t) = s(t)sin(t + 62(t))

— Computing the using a perturbation technique

= ef(r,s,A) = Original dynamics === APMD

S$=gi(r,s, A ¢€)
A =g(r,s,Ae)

r et s: amplitudes of u and v
A = 61 — 6;: phase difference between u and v

u(t), r(t)

Original dynamics: APMD:
gtnat dyne 0 ¢ 1400 0 ¢ 1400

Periodic regime - Non-zero equilibrium
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EqQuATiONS OF THE AMPLITUDE-PHASE MobuLATioN DyNamics (APMD)

ancl‘v:x—y|

» Change of variable: x (VDP) and y (NES) = ‘ u=x-+ey

= 1:1 resonance capture assumption
= u et v are amplitude- and phase-modulated = | u(t) = r(t)sin(t + 64(t)) | et | v(t) = s(t)sin(t + 62(t))

— Computing the using a perturbation technique

i = ef(r,s,A) = Original dynamics === APMD

S$=gi(r,s, A ¢€)
A =g(r,s,Ae)

r et s: amplitudes of u and v
A = 61 — 6;: phase difference between u and v

Original dynamics: APMD: 5
SMR - Periodic regime

v(t), s(t)
o

1400 0 t 1400
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EqQuATiONS OF THE AMPLITUDE-PHASE MobuLATioN DyNamics (APMD)

» Change of variable: x (VDP) and y (NES) = ‘ u=x-+ey

ancl‘v:x—y|

= 1:1 resonance capture assumption

= u et v are amplitude- and phase-modulated = | u(t) = r(t)sin(t + 64(t)) | et| v(t) = s(t)sin(t + 62(t))

— Computing the using a perturbation technique
i = ef(r,s,A) = Original dynamics === APMD
S$=gi(r,s, A ¢€)
A 1
A= gy(r,s, A €) = =
= =
r et s: amplitudes of u and v - -~ 0
= =
A = 61 — 6;: phase difference between u and v =1 <
-1
igi ics: APMD:
Original dynamics: - AP D . 0 . 1200 0 . 1200
SMR Periodic regime
APMD = : 2 fast variables s and A et 1 slow variable r

Time evolution of the system = succession fast epochs and slow epochs
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ZEROTH-ORDER FAST-SLOW ANALYSIS OF THE APMD

APMD = FAST-SLOW DYNAMICAL SYSTEM
» Time evolution of the system = succession fast epochs and slow epochs

» Theoretical analysis:

- [Gandelman & Bar (2012), Physica D]: multiple scales method

- [Bergeot et al. (2016), Int ] Non Linear Mech]: Geometric Singular Perturbation Theory (GSPT)
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» Time evolution of the system = succession fast epochs and slow epochs

» Theoretical analysis:

- [Gandelman & Bar (2012), Physica D]: multiple scales method

- : Geometric Singular Perturbation Theory (GSPT)

APMD APMD
at the fast time scale t at the slow time scale 7 = et
i =ef(r,s,A) r=f(r,s A0)
s=qgi(r,s. A €) es’=g1(r,s.A¢€)
A=go(r,s, A€ eN =gy (r,s, A €)
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ZEROTH-ORDER FAST-SLOW ANALYSIS OF THE APMD

APMD = FAST-SLOW DYNAMICAL SYSTEM
» Time evolution of the system = succession fast epochs and slow epochs

» Theoretical analysis:

- [Gandelman & Bar (2012), Physica DJ: multiple scales method

- : Geometric Singular Perturbation Theory (GSPT)

APMD APMD
at the fast time scale t at the slow time scale 7 = et
i =ef(r,s,A) r=f(r,s A0)
s=qgi(r,s. A €) es’ =g1(r,s.A €
A= g2(r,s, A €) We sate eN =gy (r,s, A €)
=0 Singularly r'=1f(rs,A)
5=g1(r,s A0 perturbed 0=g(rsA0)
A=g;(rsA0) system 0=gs(r,sA0)
— fast subsystem — slow subsystem
describes the fast epochs describes the slow epoch
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ZEROTH-ORDER FAST-SLOW ANALYSIS OF THE APMD

CRriTicAL MANIFOLD (CM)

Moz{(r,s,A)‘g1(r,s,A,O):0,gz(r,s,A,O):O} “

‘r:H(s)| and |A:G(s)|

FIGURE. —
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ZEROTH-ORDER FAST-SLOW ANALYSIS OF THE APMD

Attracting Repelling Attractfng
CM CM CM,

® Stable equilibria @ Unstable equilibria
CRrITICAL MANIFOLD (CM)

‘Moz{(r,s,A)(g1(r,s,A,0):0,gz(r,s,A,O):o} “

‘r:H(s)| and |A:G(s)|

FIGURE. —

=FROM THE FAST suBsYsTEM: Stability My = 2 attracting branches et 1 repelling branch

=FRroM THE sLow suBsYsTEM: Equilibria (on M) = e Stable equilibria e Unstable equilibria
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Nonlinear passive control of self-sustained oscillations ~ Context and state of the art
ZEROTH-ORDER FAST-SLOW ANALYSIS OF THE APMD
GLOBAL STABILITY ANALYSIS: THEORETICAL PREDICTION OF THE MITIGATION LIMIT

e Initial condition e Stable equilibria e Unstable equilibria e Fold points

Original dynamics (OD): SMR
APMD: Relaxation oscilllations

N T
9 9

cm cM Cl

Left fold point

‘@\

(ks iy

Baptiste BERGEOT Floris Takens Seminars

Zeroth-order arrival point
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ZEROTH-ORDER FAST-SLOW ANALYSIS OF THE APMD

GLOBAL STABILITY ANALYSIS: THEORETICAL PREDICTION OF THE MITIGATION LIMIT

e Initial condition e Stable equilibria e Unstable equilibria e Fold points Zeroth-order arrival point
Original dynamics (OD): SMR OD: No mitigation (periodic)
APMD: Relaxation oscilllations APMD: Stable equilibrium
ing fng Attracting Repelling Attractfng
cm cM Cl cm cm c™
Left fold point Left fold point
LF (SLF, rLF)
(ks iy
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GLOBAL STABILITY ANALYSIS: THEORETICAL PREDICTION OF THE MITIGATION LIMIT

e Initial condition e Stable equilibria e Unstable equilibria e Fold points Zeroth-order arrival point
Original dynamics (OD): SMR OD: No mitigation (periodic)
APMD: Relaxation oscilllations APMD: Stable equilibrium
ing fng Attracting Repelling Attractfng
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Left fold point Left fold point
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ZEROTH-ORDER FAST-SLOW ANALYSIS OF THE APMD

GLOBAL STABILITY ANALYSIS: THEORETICAL PREDICTION OF THE MITIGATION LIMIT

e Initial condition e Stable equilibria e Unstable equilibria e Fold points Zeroth-order arrival point
Original dynamics (OD): SMR OD: No mitigation (periodic)
APMD: Relaxation oscilllations APMD: Stable equilibrium
ing fng Attracting Repelling Attractfng
cm cM Cl cm cm c™
Left fold point Left fold point
LF (SLF rLF) ZEROTH-ORDER ARRIVAL POINT
~ ~ j
j f { (Sa,ra)Z(SU,I‘LF)
(ks iy

S

ZEROTH-ORDER THEORETICAL PREDICTION OF THE MITIGATION LIMIT

Value of the bifurcation parameter p (denoted as ) solution of:

= Analytical expression of pg
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ZEROTH-ORDER FAST-SLOW ANALYSIS OF THE APMD
GLOBAL STABILITY ANALYSIS: THEORETICAL PREDICTION OF THE MITIGATION LIMIT

e Initial condition e Stable equilibria e Unstable equilibria e Fold points

Original dynamics (OD): SMR
APMD: Relaxation oscilllations

OD: No mitigation (periodic)
APMD: Stable equilibrium
I

ing ] Attracting Repelling Attractfng
cM cm ci cM cm cM

Left fold point

‘@\*

(Sh g

Left fold point
(SLF, rLF)

ToDAY: PRESENTATION OF 2 ORIGNAL RESULTS
» RESULT 1: scaling law and new theoretical estimation of the mitigation limit

» REsuLT 2: Dynamics of a VDP coupled to a bistable NES

Baptiste BERGEOT Floris Takens Seminars

Zeroth-order arrival point

ZEROTH-ORDER ARRIVAL POINT

(Sa’ I‘a) — (SU, I‘LF)
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PLAN

1. NONLINEAR PASSIVE CONTROL OF SELF-SUSTAINED OSCILLATIONS

1.2. SCALING LAW AND NEW THEORETICAL ESTIMATION OF THE MITIGATION LIMIT
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THE LIMITATIONS OF ZEROTH-ORDER ANALYSIS - THEORETICAL VS NUMERICAL RESULTS FOR | ¢ = 0.015]

— Numerical time simulation

of the APMD
0.6 : :

0.5

0.4

~ 03

0.2

0.1

0. ; ; ; ; ;
8.0 0.2 0.4 0.6 0.8 1.0
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THE LIMITATIONS OF ZEROTH-ORDER ANALYSIS - THEORETICAL VS NUMERICAL RESULTS FOR | ¢ = 0.015]

— Numerical time simulation

of the APMD Mitigation limit
0.6 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
Theoretical: | | . |
05 20 = B0 | A NG
P a—
0.4 z i
ALF g 150 =
| g | , | S 4
o S T g 2
/0 R S
e . IR
i ! ! ! ! 0.5f 3 : ; : ]
ol / [ Numerical:
MO o ‘ --e-- Original dynamics
0.8 : . : : : '8.0 0.1 02 03 04 05
.0 0.2 0.4 0.6 0.8 1.0

u (damping coefficient of the NES)

» For “large” values of e: Underestimation of the arrival point = Overestimation of the mitigation limit
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THE LIMITATIONS OF ZEROTH-ORDER ANALYSIS - THEORETICAL VS NUMERICAL RESULTS FOR | ¢ = 0.015]

— Numerical time simulation

of the APMD Mitigation limit
0.6 : : : : ‘ ‘ ‘ ‘ ‘
Theoretical: | | . |
05 20) T A0 phe A N
P a—
04 = 3
ALF E 1.5} =
| g | , | S 4
o S T g 2
/0 R S
e . IR
3 3 3 3 3 0.5/ : 1 : -
ol / [ Numerical:
MO o ‘ --e-- Original dynamics
0.8 : . : : : '8.0 0.1 02 03 04 05
.0 0.2 0.4 0.6 0.8 1.0

u (damping coefficient of the NES)

» For “large” values of e: Underestimation of the arrival point = Overestimation of the mitigation limit

» No description of the evolution of the mitigation limit as a function of e.
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CENTER MANIFOLD REDUCTION OF THE APMD AT THE LEFT FOLD POINT AND SCALING LAW (1/2)

0.4
1— Attracting Repelling I
0.3 .
Reduction here
)
I 0_2,
Il
-
0.1h
0.0
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CENTER MANIFOLD REDUCTION OF THE APMD AT THE LEFT FOLD POINT AND SCALING LAW (1/2)

0.4

1— Attracting Repelling I

03Reduction here

0.2

r=H(s)

0.1

0.0

0.0 0.2 0.4 0.6

At the left fold point (r'F, s'F ALF) the APMD ...

r'=f(r,s,A)

es' = g1 (r,s, A €

eN =gy (r,s, A €)
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CENTER MANIFOLD REDUCTION OF THE APMD AT THE LEFT FOLD POINT AND SCALING LAW (1/2)

04 - - . is reduced to the normal form of the dynamic
1— Attracting Repelling I . .
saddle-node bifurcation:
03 Reduction here ex =x*+y
3 y' =1
I 0'2,
Il . .
- y: new slow variable linked to r
x: new fast variable linked to s et A
0.1+ A .
&: new small parameter linked to €
0.0 0.0 0.2 0.4 0.6
s

At the left fold point (r'F, s'F ALF) the APMD ...

r'=f(r,s,A)

es' = g1 (r,s, A €

eN =gy (r,s, A €)
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CENTER MANIFOLD REDUCTION OF THE APMD AT THE LEFT FOLD POINT AND SCALING LAW (1/2)

04 - - . is reduced to the normal form of the dynamic
1— Attracting Repelling I . .
saddle-node bifurcation:
03 Reduction here ex =x*+y
3 Ul =1
I 0'2,
Il . .
- y: new slow variable linked to r
x: new fast variable linked to s et A
0.1 A .
&: new small parameter linked to €
0.0 = Has a analytical solution:
00 0.2 0.4 0.6
s

At the left fold point (r'F, s'F ALF) the APMD ...

r'=f(r,s,A)

es' = g1 (r,s, A €

eN =gy (r,s, A €)
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Nonlinear passive control of self-sustained oscillations  Scaling law and new theoretical estimation of the mitigation limit

CENTER MANIFOLD REDUCTION OF THE APMD AT THE LEFT FOLD POINT AND SCALING LAW (1/2)

04 - - . is reduced to the normal form of the dynamic
1— Attracting Repelling I . .
saddle-node bifurcation:
03 Reduction here ex =x*+y
3 y’ =1
I 0.2+
Il . .
- y: new slow variable linked to r
o1 x: new fast variable linked to s et A
’ &: new small parameter linked to €
0.0 = Has a analytical solution:
0.0 0.2 0.4 0.6
S SCALING LAW (NORMAL FORM)
int (FLF oLF ALF P
At the left fold point (=", s, A™") the APMD ... Analytical expression of x as a function y and é:
!
r'=1f(r,s,A g am23
( ) apAl (=E72Py)

Xy, ) = ¢

es' = g1 (r,s, A € Al (—&-2By)

eN =gy (r,s, A €)

Ai: Airy function
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Nonlinear passive control of self-sustained oscillations

Scaling law and new theoretical estimation of the mitigation limit

CENTER MANIFOLD REDUCTION OF THE APMD AT THE LEFT FOLD POINT AND SCALING LAW (2/2)

SCALING LAW (APMD)

Analytical expression of s as a function of r and e:

AV (—6_2/3K2 (r— /‘LF))
Al (—e=2BK; (r—rtF))

s*(r, e) = s'F + 'K,

» Ki and K3: constants depending on model parameters

» Aiand Al: Airy function and its derivative

Baptiste BERGEOT Floris Takens Seminars
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Nonlinear passive control of self-sustained oscillations  Scaling law and new theoretical estimation of the mitigation limit

CENTER MANIFOLD REDUCTION OF THE APMD AT THE LEFT FOLD POINT AND SCALING LAW (2/2)

SCALING LAW (APMD)

Analytical expression of s as a function of r and e:

AV (—6_2/3K2 (r— /‘LF))
Al (—e=2BK; (r—rtF))

s*(r, e) = s'F + 'K,

» Ki and K3: constants depending on model parameters

» Aiand Al: Airy function and its derivative R _—
{(s(0). r(7)

o2t 4

0t

0.0 i i i i i

0 0.2 04 stF 0.8 1
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Nonlinear passive control of self-sustained oscillations  Scaling law and new theoretical estimation of the mitigation limit

CENTER MANIFOLD REDUCTION OF THE APMD AT THE LEFT FOLD POINT AND SCALING LAW (2/2)

SCALING LAW (APMD)

Analytical expression of s as a function of r and e:

AV (—6_2/3K2 (r— /‘LF))
Al (—e=2BK; (r—rtF))

s*(r, e) = s'F + 'K,

» Ki and K3: constants depending on model parameters

» Aiand Al: Airy function and its derivative

0.2
NEW ESTIMATION OF THE ARRIVAL POINT (s*, r*) :

S /R L

r0: defined as s*(r) = s'¥ = first zero of AV 0.0 . . : . .
r°°: defined as s*(r) » co = first zero of Al 0 0.2 04 s'F 0.8 1
S
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Nonlinear passive control of self-sustained oscillations  Scaling law and new theoretical estimation of the mitigation limit

NEW THEORETICAL ESTIMATION OF THE MITIGATION LIMIT

FROM THE ZEROTH-ORDER ANALYSIS

Value of p (denoted as ) solution of:

FROM THE SCALING LAW

Lower bound: solution of:
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Nonlinear passive control of self-sustained oscillations  Scaling law and new theoretical estimation of the mitigation limit

NEW THEORETICAL ESTIMATION OF THE MITIGATION LIMIT

FROM THE ZEROTH-ORDER ANALYSIS As a function of 1 for m:
Value of p (denoted as ) solution of:
. : . . ‘
Theoretical: | | i . 1
i f —p : : : :
2.0 0 - T — N
= Pe,int ! i @, Py
* | g | )
FROM THE SCALING LAW = Pesup e 1 1
E1s5 : P SR AR o
Lower bound: solution of: .5 |
= ! ! ! ! !
© 1 i i i 1
210 - moseeees R 1o e
= | | | I
= ‘ | | | |
Upper bound: solution of: 0.5/~ o = SRR SRR -
' Numerical:
! ! --@-- Original dynamics
| 1

0. : : :
8.0 0.1 02 03 04 05
u
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Nonlinear passive control of self-sustained oscillations  Scaling law and new theoretical estimation of the mitigation limit

NEW THEORETICAL ESTIMATION OF THE MITIGATION LIMIT

n

FROM THE ZEROTH-ORDER ANALYSIS As a function of e for .

Value of p (denoted as ) solution of:

2.4
=
L 22
- 2.0
FROM THE SCALING LAW é
Lower bound: solution of: IS 18
516
5 Theoretical:
L e
1.2 _pi’mf ‘ Numerical:
" Pe,sup ' --e-- Original dynamics
1.0 P ‘
0.001 0.0050.010 0.0500.100

€

Baptiste BERGEOT Floris Takens Seminars May 7, 2025 17143



Nonlinear passive control of self-sustained oscillations Dynamics of a VDP coupled to a BNES

PLAN

1. NONLINEAR PASSIVE CONTROL OF SELF-SUSTAINED OSCILLATIONS

1.3. Dynamics oF A VDP coupLeD To A BIsTABLE NES
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Nonlinear passive control of self-sustained oscillations Dynamics of a VDP coupled to a BNES

BistaBLE NONLINEAR ENERGY SINK (BNES)

BNES = cubic NES with in addition a negative linear stiffness element:

By +ay’ =0

» Zero equilibrium

» 2 stable non-zero equilibria:

- Right equilibrium: | y§ =1/ —

- Left equilibrium: | y§ = —wg
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Nonlinear passive control of self-sustained oscillations Dynamics of a VDP coupled to a BNES

NES vs BNES

BIFURCATION DIAGRAM

» | p*(NES) <« p*(BNES)

gl —vdP 7777777777 / » Very low amplitude attenuation regimes
—VdP + NES with BNES

% —VdP + BNES
i 6”":‘ ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
E=]
5 :
g4 A0k
2 !
'gl |
<2 :

ob— i

0

o (NES) 4 6 0" (BNES)
Bifurcation parameter (p)
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Nonlinear passive control of self-sustained oscillations Dynamics of a VDP coupled to a BNES

NES vs BNES

BIFURCATION DIAGRAM

» | p*(NES) <« p*(BNES)

gl| —VvapP 7777777777 / » Very low amplitude attenuation regimes
—VdP + NES with BNES

% —VdP + BNES
e | A Robustness
2 ‘ ‘ ‘
5 :
g4 A0k
2 :
'gl |
<% )

0b— :

0

o (NES) 4 6 0" (BNES)
Bifurcation parameter (p)
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Nonlinear passive control of self-sustained oscillations Dynamics of a VDP coupled to a BNES

NES vs BNES

p*(NES) < p*(BNES)

gll —VvaP 77777777777 / Very low amplitude attenuation regimes
—VdP + NES with BNES
% —VdP + BNES
> T -
© 6 ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
E=]
g ab IDENTIFICATION OF THE REGIMES
E
'Té. : No mitigation (periodic)
<2
5
Ot— . } }
0 0" (NES) 4 6  p' (BNES) 0 0
a
Bifurcation parameter (p) _5
0 / 5000

— VDP —VDP + BNES

Baptiste BERGEOT Floris Takens Seminars May 7, 2025



Nonlinear passive control of self-sustained oscillations Dynamics of a VDP coupled to a BNES

7 ATTENUATION REGIMES

1.5
— () (steady-state BNES displacement)
y(t) e Stabilization ys === Yf
R _L]S
-1.5
50000 t 54000

-1.5 -15

50000 t 54000 50000 t 54000 46000 t 54000

Periodic 1 Periodic 2

0
YO
-1.5
50000 t 54000 50000 t 54000 50000 t 54000
SMR 1 SMR 2 Chaotic 2
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Nonlinear passive control of self-sustained oscillations ~ Dynamics of a VDP coupled to a BNES

ZEROTH-ORDER FAST-SLOW ANALYSIS OF THE APMD

= 1:1 resonance capture
assumption

> | u(t) = r(t)sin(t + 64(t)) |

> | v(t) = (1) + s(t)sin(t + 65(t)) |

— Perturbation technique — APMD:

i = ef(a, ¢, 0)
b=gi(b,c,e)
$=g(a,b,c,0)

A= g3(a, b, c,0,¢€)

May 7, 2025 22/43
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Nonlinear passive control of self-sustained oscillations ~ Dynamics of a VDP coupled to a BNES
ZEROTH-ORDER FAST-SLOW ANALYSIS OF THE APMD

The critical manifold M/ has two main branches:

= 1:1 resonance capture Maor | Mg, (attracting) — st (saddle-type*) ===
assumptlon

Mo; | M3, (attracting) =—— M3}, (saddle-type*) ===

> | u(t) = r(t)sin(t + 91(t))|

Critical manifold stability
Attracting
----- Saddle-type

> | v(t) = (1) + s(t)sin(t + 65(t)) | sl

— Perturbation technique — APMD:

i = ef(a, ¢, 0) 1.0 1
~
b= gi(b,c,e)
5=gqgs(a,b,c,0) 0.5¢ 1
- 0.020
A= g3(a,b,c 9, e€) ; :
0.0f = 3 ! C o015
0.0 0.5 1.0 1.5 /‘ o010
s 0.00 0.005
o 0.000
0.10 .
(2) * o o0 0
X o 055 3
*saddle-type ~ repelling o ©
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Nonlinear passive control of self-sustained oscillations

Dynamics of a VDP coupled to a BNES

In the (s, r)-plane:

— Trajectory of the APMF (numerical simulation)
* stable et e unstable equilibria on Mgy (==—ou ===)

« stable et o unstable equilibria on Mg ( === ou

-s)

00 02 04 06 08 10 1.2

Baptiste BERGEOT
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1.0
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Nonlinear passive control of self-sustained oscillations Dynamics of a VDP coupled to a BNES

1.5
— y(t) (steady-state BNES displacement)
0 Stabilizati 6 Tt Yy
g [ abilization Yo Yq
“eee g
-1.5
50000 t 54000

50000 t 54000 50000 t 54000 46 000 t 54000

Periodic 1 Periodic 2

0
YO
-1.5
50000 t 54000 50000 t 54000 50000 t 54000
SMR 1 SMR 2 Chaotic 2
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Nonlinear passive control of self-sustained oscillations ~ Some perspectives

PLAN

1. NONLINEAR PASSIVE CONTROL OF SELF-SUSTAINED OSCILLATIONS

1.4. SOME PERSPECTIVES
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Nonlinear passive control of self-sustained oscillations ~ Some perspectives

EFFECT OF NOISE ON THE MITIGATION LIMIT OF A cuBic NES

» Numerical study (Monte Carlo): [Bergeot (2023) Int | Non-Linear Mech |
= Noise tends to promote the non mitigation regimes for high noise levels
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Nonlinear passive control of self-sustained oscillations ~ Some perspectives

EFFECT OF NOISE ON THE MITIGATION LIMIT OF A cuBic NES
» Numerical study (Monte Carlo):

= Noise tends to promote the non mitigation regimes for high noise levels

» Analytical study: PhD of Israa Zogheib (Nov. 2023- ; Dir. Nils BErRGLUND and Baptiste BERGEOT)
= Study of a reduced problem: normal form of a dynamic saddle-node bifurcation with noise acting on the
slow variable
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Nonlinear passive control of self-sustained oscillations ~ Some perspectives

EFFECT OF NOISE ON THE MITIGATION LIMIT OF A cuBic NES
» Numerical study (Monte Carlo):

= Noise tends to promote the non mitigation regimes for high noise levels

» Analytical study: PhD of Israa Zogheib (Nov. 2023- ; Dir. Nils BErRGLUND and Baptiste BERGEOT)
= Study of a reduced problem: normal form of a dynamic saddle-node bifurcation with noise acting on the
slow variable

SELF-SUSTAINED OSCILLATOR CONNECTED TOo A BNES

» Finding and studying other solutions of the fast subsystem (such as periodic, quasiperiodic or even chaotic
motions)

Baptiste BERGEOT Floris Takens Seminars May 7, 2025
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Nonlinear passive control of self-sustained oscillations Some perspectives

EFFECT OF NOISE ON THE MITIGATION LIMIT OF A cuBic NES
» Numerical study (Monte Carlo):

=

» Analytical study: PhD of Israa Zogheib (Nov. 2023-; Dir. Nils BERGLUND and Baptiste BERGEOT)
= normal form of a dynamic saddle-node bifurcation with noise acting on the
slow variable

SELF-SUSTAINED OSCILLATOR CONNECTED TO A BNES

» Finding and studying (such as periodic, quasiperiodic or even chaotic
motions)
» Global stability analysis: computing the of all the solutions of the fast subsystem

Baptiste BERGEOT Floris Takens Seminars May 7, 2025




Transient phenomena in reed musical instruments

PLAN

2. TRANSIENT PHENOMENA IN REED MUSICAL INSTRUMENTS
2.1. CONTEXT
2.2. APPEARANCE OF SOUND AND BIFURCATION DELAY
2.3. NATURE OF SOUND AND TIPPING PHENOMENON
2.4. SOME PERSPECTIVES
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Transient phenomena in reed musical instruments ~ Context

PLAN

2. TRANSIENT PHENOMENA IN REED MUSICAL INSTRUMENTS
2.1. CONTEXT
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Transient phenomena in reed musical instruments ~ Context

Single-reed musical instruments:

Saxophones
3 Clarinets
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Transient phenomena in reed musical instruments

Single-reed musical instruments:

Saxophones

Context

Clarinets

» Modeled by nonlinear dynamical systems linking control
parameters (mouth pressure vy, lip force F) to output

variables (acoustic pressure p inside the mouthpiece)

mouthpiece

y: mouth pressure
Baptiste BERGEOT

F: force applied by the lip on

Floris Takens Seminars
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Transient phenomena in reed musical instruments ~ Context

Single-reed musical instruments:

Saxophones

Clarinets

» Modeled by nonlinear dynamical systems linking control
parameters (mouth pressure vy, lip force F) to output
variables (acoustic pressure p inside the mouthpiece)

» Previous theoretical studies on sound production performed
with control parameters constant in time show that:

- Appearance of sound = Hopf bifurcation of the trivial

equilibrium (silence, i.e., p = 0) to a stable periodic
solution (musical note)

- Several stable solutions coexist in general =
Multistability

Baptiste BERGEOT Floris Takens Seminars

mouthpiece

y: mouth pressure

F: force applied by the lip on the reed
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o F PANE
May 7, 2025 28/43



Transient phenomena in reed musical instruments ~ Context

OBSERVATION

During transient phases the musician varies the control parameters in time
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Transient phenomena in reed musical instruments Context

OBSERVATION

During transient phases the musician varies the control parameters in time

QUESTIONS

» In the context of musical acoustics: during an attack transient, how can the dynamic characteristics of the
control parameters be related to:
@ the appearance of sound?
@ the nature of the sound in case of multistability? = silence? note? another note?
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Transient phenomena in reed musical instruments ~ Context

OBSERVATION

During transient phases the musician varies the control parameters in time

QUESTIONS
» In the context of musical acoustics: during an attack transient, how can the dynamic characteristics of the
control parameters be related to:

@ the appearance of sound?
@ the nature of the sound in case of multistability? = silence? note? another note?

» Open problems in nonlinear dynamics: nonlinear dynamical systems with time-varying parameters when
@ a bifurcation point is crossed = bifurcation delay [Benoit et al. (1991), Lect. Notes Math.|
® a multistability domain is crossed = rate-induced tipping [Ashwin et al. (2012), Philos Trans R Soc Lond, A]
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Transient phenomena in reed musical instruments ~ Context

PRESENTED WORK

Predicting appearance of sound and the nature of the sound
produced (i.e., tipping or not) in simple models in the case of a
slow linear variation of the control parameter mouth pressure y

Baptiste BERGEOT Floris Takens Seminars
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Transient phenomena in reed musical instruments ~ Context

REFINED PHYSICAL MODEL

Air flow VS p e

nonlinear (Bernoulli)

Reed dynamics
linear

Body (linear acoustic resonator)
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Transient phenomena in reed musical instruments ~ Context

REFINED PHYSICAL MODEL

Air flow VS p e

nonlinear (Bernoulli)

Reed dynamics
linear

Body (linear acoustic resonator)

= System of coupled nonlinear ODEs
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Transient phenomena in reed musical instruments Context

REFINED PHYSICAL MODEL

Air flow VS p e

nonlinear (Bernoulli)

Reed dynamics
linear

Body (linear acoustic resonator)

= System of coupled nonlinear ODEs

SIMPLEST MODEL HAVING BISTABILITY

= One-dimensional ODE:

x: amplitude of the mouthpiece pressure p
y: control (or bifurcation) parameter

Baptiste BERGEOT Floris Takens Seminars May 7, 2025
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Transient phenomena in reed musical instruments ~ Context

REFINED PHYSICAL MODEL

Air flow VS p e

nonlinear (Bernoulli)

Reed dynamics
linear

Body (linear acoustic resonator)

= System of coupled nonlinear ODEs

SIMPLEST MODEL HAVING BISTABILITY

= One-dimensional ODE:

f(x,y) » Silence:
x: amplitude of the mouthpiece pressure p » Musical note:

y: control (or bifurcation) parameter
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Transient phenomena in reed musical instruments ~ Context

MODEL WITH A SLOWLY TIME-VARYING Y = FAST-SLOW SYSTEM

f(x,y) x: fast variable

€ y: slow variable

Baptiste BERGEOT Floris Takens Seminars May 7, 2025 31/43



Transient phenomena in reed musical instruments ~ Context

MODEL WITH A SLOWLY TIME-VARYING Y = FAST-SLOW SYSTEM

x: fast variable

y: slow variable

Simple model Simple model
at the at the
fast time scale t slow time scale T = et
x =1f(x,y) ex = f(x,y)
y=¢ y=1
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Transient phenomena in reed musical instruments ~ Context

MODEL WITH A SLOWLY TIME-VARYING Y = FAST-SLOW SYSTEM

Simple model

at the
fast time scale t
x=1f(x,y)
y=¢
x=f(x,y)
y=0

— fast subsystem

Baptiste BERGEOT

We
state

x: fast variable

y: slow variable

Simple model
at the
slow time scale T = et

ex =f(x,y)
y=1
0=1f(x,y)
Y =1

— slow subsystem

Floris Takens Seminars May 7, 2025
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Transient phenomena in reed musical instruments ~ Context

x = f(x, y) x: fast variable

y: slow variable

CRITICAL MANIFOLD

Simple model Simple model > Defined by:
at the at the
fast time scale t slow time scale T = et My = {(X, y) € R? | f(x,v) = O]»
X =f(x,y) ex =f(x,y)
. . » = bifurcation diagram of the fast subsystem
y=¢€ We y=1
state
X = f(x, y) 0="f(x,y)
0
— fast subsystem — slow subsystem
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Transient phenomena in reed musical instruments  Appearance of sound and bifurcation delay

PLAN

2. TRANSIENT PHENOMENA IN REED MUSICAL INSTRUMENTS

2.2. APPEARANCE OF SOUND AND BIFURCATION DELAY
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Transient phenomena in reed musical instruments  Appearance of sound and bifurcation delay

Critical manifold

4| = Attracting - - - Repelling

°t: Static bifurcation point
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Transient phenomena in reed musical instruments

Critical manifold

4| = Attracting - - - Repelling

°t: Static bifurcation point

Baptiste BERGEOT

Pressure

y (constant) < p°t: Silence

2

0 50 100 150 200
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Appearance of sound and bifurcation delay

y (constant) > $°t: Musical note
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Transient phenomena in reed musical instruments  Appearance of sound and bifurcation delay

Critical manifold y (constant) < p°t: Silence y (constant) > $°t: Musical note
2 2 . .
4| = Attracting - - - Repelling —x(t) —p(t)— v ! .
o 4
< 2 2
Y o
o o
‘ L e |
I R — | s == a0 —
- -2 - :
0 0.2 ys‘ 06 08 1 12 0 50 100 150 200 20 50 100 150 200
M t t
°t: Static bifurcation point y slowly varies in time
41 — x(t) — p(t) — y(t)
° Db
5
@ 0
o
o
e
SAp
0 100 200 300 400 500 600

t
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Transient phenomena in reed musical instruments

Critical manifold

4| = Attracting - - - Repelling

I ———————————

e

°t: Static bifurcation point

Baptiste BERGEOT

Pressure

Pressure

y (constant) < p°t: Silence

2
= x(t)—p(t)—vy
e
2 . .
0 50 100 150
t

y slowly varies in time

Q—An—mn—wn
L S

0

P SRS USRS RSN S
) NS SO N S

t
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0 100 200 300 400 500 600

Pressure

Appearance of sound and bifurcation delay

y (constant) > $°t: Musical note

0 50

" = x(t) = p(t) — v

100
t

150 200

x(t) and p(t) as a function of y(t)

Pressure

4 =) — P |
S ———
0
—2r ' Bifurcation delay |
-4} = Stable - -~ Unstable
0 02 p¢ 06 08 1 12

Y
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Transient phenomena in reed musical instruments  Appearance of sound and bifurcation delay

THE NEED FOR STOCHASTIC MODELLING

Noise (physical or numerical) reduces bifurcation delay
and must be taken into account in the models
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Transient phenomena in reed musical instruments  Appearance of sound and bifurcation delay

THE NEED FOR STOCHASTIC MODELLING

Noise (physical or numerical) reduces bifurcation delay
and must be taken into account in the models

>-
I

=f(x,y) + 0d(t)
y=¢€

with | {(1)(white noise) | acting on the fast variable
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Transient phenomena in reed musical instruments

THE NEED FOR STOCHASTIC MODELLING
Noise (physical or numerical)

Appearance of sound and bifurcation delay

and must be taken into account in the models

6 samples of the model
1 | Biéurcation d ‘lay
001 b A
o 04
=
< 08\
= f(x,y) + od(t) 1078
y=¢€ 10-10
with acting on the fast variable

Baptiste BERGEOT
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Transient phenomena in reed musical instruments

THE NEED FOR STOCHASTIC MODELLING
Noise (physical or numerical)

Appearance of sound and bifurcation delay

and must be taken into account in the models

6 samples of the model
1r | Biéurcation d ‘lay
001 b A
o 104 rrrrrrrrrrrrrrrrrrrrr
=
< 08\
= f(x,y) + od(t) 1078
y=¢€ 10-10
with acting on the fast variable

Baptiste BERGEOT

i‘/(itjl\
DEFINITION: DYNAMIC BIFURCATION POINT pdu"

Value of y such as

Floris Takens Seminars
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Transient phenomena in reed musical instruments  Appearance of sound and bifurcation delay

ANALYTICAL PREDICTION OF BIFURCATION DELAY

x = f(x,y)+ 0o&(t) =~ a(y)x + a&(t :
ANALYTICAL SOLUTION of: . b y) <(1) ) s(9) [Bergeot & Vergez (2022), Nonlinear Dyn]
y=¢€
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Transient phenomena in reed musical instruments  Appearance of sound and bifurcation delay

ANALYTICAL PREDICTION OF BIFURCATION DELAY

f(x,¥) + 0&(t) = aly)x + o§(t)
€

ANALYTICAL SOLUTION of:

= Three regimes are identified [Berglund & Gentz (2006), Springer]:

Regime | Regime Il Regime Il
Deterministic Stochastic Stochastic
(small o) (large o)
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Transient phenomena in reed musical instruments  Appearance of sound and bifurcation delay

ANALYTICAL PREDICTION OF BIFURCATION DELAY

f(x,¥) + 0&(t) = aly)x + o§(t)
€

ANALYTICAL SOLUTION of:

= Three regimes are identified [Berglund & Gentz (2006), Springer]:

Regime Il
Stochastic
(small o)

Analytical: as a function of €

I
IS

o
w

o
)

Bifurcation delay

o©
o

o
o

107 107 1072
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ANALYTICAL PREDICTION OF BIFURCATION DELAY

f(x,y) + o&(t) = a(y)x + g&(t)
5

ANALYTICAL SOLUTION of:

= Three regimes are identified [Berglund & Gentz (2006), Springer]:

Regime Il
Stochastic
(small o)

Analytical: as a function of e
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Bifurcation delay
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Rate of change (¢)
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Transient phenomena in reed musical instruments Nature of sound and tipping phenomenon

PLAN

2. TRANSIENT PHENOMENA IN REED MUSICAL INSTRUMENTS

2.3. NATURE OF SOUND AND TIPPING PHENOMENON
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X = f(x,y) x: fast variable

Il
@™

y: slow variable

f(x, y) now takes into account that reed
motion is limited by the instrument mouthpiece

CRITICAL MANIFOLD

» Defined by:
Mo = {(x.v) eR?|(x,y) =0}

» = bifurcation diagram of the fast subsystem
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1.4 Critical manifold |-~~~ istapility T
= Attracting
x = f(x,v) x: fast variable 1.20 —Repelling |~ e S
=€e y: slow variable 10p
08
X
f(x, y) now takes into account that reed 0.6f
motion is limited by the instrument mouthpiece 04—
02F
CRITICAL MANIFOLD 0.0k
0.0 0.5

» Defined by:
Mo = {(x.v) eR?|(x,y) =0}

» = bifurcation diagram of the fast subsystem

» Has a
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— - T ]
1.4 Critical manifold |------------- "“Bistability
5 Attracting | il
x=1f(x,y) x: fast variable 1.2 —Repeling | r— FCDSE -
=€e y: slow variable 1.0p o 5> ai R R
0.8f-------------- . R -
= ‘ ‘
f(x, y) now takes into account that reed o6 S
motion is limited by the instrument mouthpiece 04F Ll
0.2 P o -
CRITICAL MANIFOLD 0.0k : : ‘ ]
» Defined by: 0.0 0.5 1.0 1.5
Y
Mo = {(x.v) eR?|(x,y) =0}
In the the critical manifold has:
» = bifurcation diagram of the fast subsystem » 2 attracting branches
» Has a » 1 repelling branch
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PROBLEM STATEMENT

For a given initial condition, which attracting branch of the critical manifold will

x=fx.y) ) the trajectory of (1) follow when it crosses the bistability domain?

v=Ee More concisely: tipping of not tipping?
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PROBLEM STATEMENT

. For a given initial condition, which attracting branch of the critical manifold will
x=fx.y) ) the trajectory of (1) follow when it crosses the bistability domain?

v=Ee More concisely: tipping of not tipping?

1.4 Critical manifold
Attracting OBSERVATION

1:2}] = Repeling ; ; Although Nj and N are very close in the phase space,
10F i - they lead to qualitatively different behaviors during
transient:

0.8 ERRERRERL b § RS Rt
0.6f, LS SERRREEEE & RS R

0.4r- /
0zl

0.0F 1
0.0 0.5

Ficure. Numerical simulations of (1) with two close
initial conditions N7 and N>
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PROBLEM STATEMENT

1.4

1.2

1.0
0.8
0.6
0.4
0.2

0.0
0

f| Critical manifold h Bistability

Attracting L4 .
== Repelling | it -

.0 0.5 1.0

Ficure. Numerical simulations of (1) with two close

initial conditions N7 and N>

Baptiste BERGEOT

Nature of sound and tipping phenomenon

For a given initial condition, which attracting branch of the critical manifold will
) the trajectory of (1) follow when it crosses the bistability domain?

More concisely: tipping of not tipping?

OBSERVATION

Although N and N, are very close in the phase space,
they lead to qualitatively different behaviors during
transient:

» With Nj: no sound is produced = NO TIPPING
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PROBLEM STATEMENT

. For a given initial condition, which attracting branch of the critical manifold will
x=fx.y) ) the trajectory of (1) follow when it crosses the bistability domain?

v=Ee More concisely: tipping of not tipping?

1.4 Critical manifold
. Attracting OBSERVATION
’ = Repelling ' : Although N and N, are very close in the phase space,
1.0 o - they lead to qualitatively different behaviors during
N og8f ™ { (N I transient:
o6b ] . » With Nq: no sound is produced = NO TIPPING
04,/,\/1/\/2 » With N,: a sound is produced = TIPPING
0.2 §
0.0F 1
0.0 0.5

Ficure. Numerical simulations of (1) with two close
initial conditions N7 and N>
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PROBLEM STATEMENT

For a given initial condition, which attracting branch of the critical manifold will
) the trajectory of (1) follow when it crosses the bistability domain?

More concisely: tipping of not tipping?

1.4{ Critical manifold |[------------- -
Attracting
1.2 == Repelling

1.0
0.8
0.6

OBSERVATION

Although N and N, are very close in the phase space,
they lead to qualitatively different behaviors during
transient:

» With Nj: no sound is produced = NO TIPPING

» With N,: a sound is produced = TIPPING

0.4F j ‘
02 Bifurcation delay '
0.0 —»Jy : REMARK

0.0 0.5 1.0 15 Bifurcation delay

Y

Ficure. Numerical simulations of (1) with two close
initial conditions N7 and N>
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Up=(now) xB"| & [U=(0.%) xR ]

Nature of sound and tipping phenomenon

M

1.4

1.2{

= T
Hf Critical manifold |-~ 1UD} ffffffff

== Attracting
== Repelling

1.0
0.8
0.6
0.4
0.2

0.0
0

0 05 1.0 15
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Uo=(nw) xR | [U=(0.%) xR

M

1.4} Critical manifold
== Attracting
1.2}| = Repelling

1.0f e Eeemeneneas
0.8f-----=m-mooo-- beeeeeeo ;

Y
I :
0.2 —

0.0

00 05 10 15
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Nature of sound and tipping phenomenon

In Up, Mg has 3 branches:

\Mo,a‘, ={y)elp|x=x(y} i= 1,2‘

‘./\/lo,r ={(x,¥) € Up | x =x3(v)} ‘
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Up = (ylr Vu)

x}?f‘ ; ‘U:(o,yu)xﬂv‘

1.4} Critical manifold
== Attracting

1.2}

1.0f------------- ;
0.8}------------- !
0.6{E RS :

0.2'U """""

== Repelling

0.4

0.0

0.0

Baptiste BERGEOT

Floris Takens Seminars

Nature of sound and tipping phenomenon

In Up, Mg has 3 branches:

‘Mo,a‘. ={x.v) € b |x=x (1}, 1:1,2‘

[ Mo, = {xy) € Lo | x = 50} ]

Fenichel's theorem

U

In Up, one has 3 invariant manifolds:

‘Me.m ={(x.v) e Up|x=x(v.e)} |

‘ Mea, ={(x,v) € Up | x = x(v, €)} |

[Mer = {(x¥) € U | x = 5a(v. e)}
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TIPPING SEPARATRIX

[Mer={tc¥) € Un [x =y, )}
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Nature of sound and tipping phenomenon

Critical manifold
== Attracting
= Repelling

1.0f-------o-eoeeo
08’ """""
0.6 j
L
02ty

1.4y

0.0 : :

0.5
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TIPPING SEPARATRIX

‘ Mer={(x,v) € Up | x = x3(v, €)} ‘ 1.44 Critical manifold
= Attracting
124 — Repelling

We define the special solution S, called tipping 1.0f -
separatrix , in U as 0.8t--

‘S={(X,y)€U|X=)‘(3(y,e)}| 0.6
0.4}
0.2

0.0
0.0
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TIPPING SEPARATRIX

‘ Mer={(x,v) € Up | x = x3(v, €)} ‘ 1.44 Critical manifold
= Attracting
120 — Repelling

We define the special solution S, called tipping 1.0

separatrix , in U as 0.8
x O

‘S={(X,y)€U|X=)‘(3(y,e)}| 0.6

0.4
0.2
0.0

IN PRACTICE

S is numerically approximated using a time reversal
procedure since here M., is attracting in reverse time
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Nature of sound and tipping phenomenon

1 4] Critical manifold l * _
. S Attracting ; I_St
Tipping or not tipping? 1.2 = Repelling :
The tipping separatrix S splits U into two subsets B 1.0p
and B>: £
and . 08 B,
‘ By ={(x.¥) € U|x < 5y, €)} ‘ NO TIPPING 0.6
0.4} B, i
‘Bzz{(x, y) € U|X>)’(3(y,e)}‘ TIPPING ook ; ]
) Me,al '
0.0 === - . 1 ‘ a1
Orbits originating from initial conditions in By (resp. 0.0 0.5 1.0 15

B7) follow Me a, (resp. Mea, ) when the slow variahle

y crosses the bistability domain Up
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Tipping or not tipping?

The tipping separatrix S splits U into two subsets B
and B>:

\ Bi = {(x,v) € U|x < 53y, €)} \ NO TIPPING

‘ By ={(x.¥) € U|x> 5y, €)} ‘ TIPPING

Orbits originating from initial conditions in By (resp.
B37) follow M o, (resp. Me,a, ) when the slow variable
y crosses the bistability domain Up
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Nature of sound and tipping phenomenon

BACK TO THE PROBLEM STATEMENT

T T
1.4 Critical manifold |-~~~ L

Attracting
120 — Repelling

100 pomoReosEEEeRoos
08f R il
OCeywye

0.4t
0.2f -

Bistability
,,,,,,,,,,,,,,,, domain.----t------- 1

0.0k

0.0
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Tipping or not tipping?

The tipping separatrix S splits U into two subsets B
and B>:

\ Bi = {(x,v) € U|x < 53y, €)} \ NO TIPPING

‘ By ={(x.¥) € U|x> 5y, €)} ‘ TIPPING

Orbits originating from initial conditions in By (resp.
B37) follow M o, (resp. Me,a, ) when the slow variable
y crosses the bistability domain Up

Nature of sound and tipping phenomenon

BACK TO THE PROBLEM STATEMENT

1.4§ Cl-'itic:,al ;naﬁifofd NL;m.‘sin"luIaFtions:
Attracting - N; e By
1.2} = Repelling — N, e B,
1.0¢
x 0.8 B,
0.6
N] Ny
0.4r
02} /
0.0F== " "
0.0 0.5 1.0
Y

Explanation. Although Ny and N, are very close in the
phase space, , that
leads to qualitatively different behavior during transient
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PLAN

2. TRANSIENT PHENOMENA IN REED MUSICAL INSTRUMENTS

2.4. SOME PERSPECTIVES
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MULTISTABILITY IN MORE REFINED MODELS OF REED INSTRUMENTS

» Equivalent of the tipping separatrix in the case of a bistability between musical notes
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MULTISTABILITY IN MORE REFINED MODELS OF REED INSTRUMENTS
» Equivalent of the tipping separatrix in the case of a bistability between musical notes

» Compute separatrices using advanced numerical methods: continuation, machine learning
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Transient phenomena in reed musical instruments ~ Some perspectives

MULTISTABILITY IN MORE REFINED MODELS OF REED INSTRUMENTS
» Equivalent of the tipping separatrix in the case of a bistability between musical notes

» Compute separatrices using advanced numerical methods: continuation, machine learning

EFFECT OF NOISE
» The tipping separatrix implies bifurcation delay:

- The effect of noise must be taken into account
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Thank you for your attention

Questions?
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