g

32nd 5
OF MECHANICS iRt

r 11 & 12 JUNE 2026, BLOIS, FRANCE

32nd French Polish Seminar of Mechanics
11 & 12 June 2026, Blois, FRANCE

/) ~ ~1.Y. ,-,3: ,
folaMe  INSA *Z. Mo
4 & CEMTRE WAL OF LOWS by { ETOURS

d'ORLEANS :

On rate-induced tipping in a dry-friction
oscillator with time-varying parameter

Baptiste Bergeot', Soizic Terrien2 and Christophe Vergez3

1INSA CVL, Univ Orléans, Univ Tours, LaMeé, UR 7494, Blois, France
2L AUM, UMR 6613, Institut d’Acoustique-Graduate School (IA-GS), CNRS, Le Mans, France
SAiIX Marseille Univ, CNRS, Centrale Med, LMA UMR7031, Marseille, France

June 12, 2026

INSTITUT NATIONAL " ) LAUM
DES SCIENCES a @
o . Laboratoire de Mécanique Laboratoire a/Acoustique
CENTRE VAL DE LOIRE ‘ Gabriel Lamé Le Mans UniverSité *CNRS-UMR 6613 Laboratoire de Mécanique et d'Acoustique



Introduction

Stick-slip oscillations

Definition and examples

» Stick-slip oscillations:

o Friction-induced self-oscillations result from the coupling of a
velocity-dependent dry friction force and a structural restoring force
and without any external periodic driving

o Periodic motion consist of a succession of sticking and slipping phases

o Stick-slip oscillations can be:

Desired ...

Slip
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2.
Mathematical model of the stick-slip oscillator
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Introduction Mathematical model of the stick-oscillator Bifurcation analysis with constant parameters Effect of a time-varying parameter: rate-induced tipping Conclusions and perpectives

Mathematical model

Mass-spring-damper on a conveyor belt:  Regularized friction law:
—> X

p F reg(Vr) —

\/V% "
m =1

k=1 F(vr) with:

@ Vo > @ o ,ureg(v,,): regularization of u(v,)

* 77: regularization parameter

r

//treg(vr)
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 Equation of motion of the mass (dimensionless):

1.0 I
.. . ’ l l | Friction law
X+ px+x=FQyv,) ; A F(uv,)
: . . 05 ERET S EEEES
. v, = X — v, relative velocity between the mass and the belt et - 5 Freg(vr)
- oo -
* Friction Law (non regular): * :
Fov) —sgn(v,) u(v,) ifv, # 0 (slip) 05 - i '''''''' [
V) = o : f : -
' € |—pu,pu] ifv, =0 (stick) : :
with: -1.0- 5 1 0o 1 >
. ,u(v,,) non regular function of v, (decreasing for v, > 0) "
.

* H and Ha- static and dynamic friction coefficients Figure. Friction law: non regular and regularized
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3.
Bifurcation analysis with constant parameters
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Bifurcation diagram

5 R

7 1]
For v, = constant we compute: 7 o~ m =
T NN F(v,)
- TP L . 7 k=1
* Solutions (equilibria and periodic solutions) @ VQO‘ TD
 Stability of these solutions 4
The bifurcation diagram represents these solutions Stable equilibria SN
: . : 3.5 | Unstable equilibria
as a_f!.mctlon of the parameter v, and highlights their Stable periodic (L2-norm)
stability o) B Unstable periodic (L%-norm)
Bistability domain: range of v, in which a stable 2.5

equilibrium and a stable periodic solution coexist

| Stickv. =0 : 1T ;
Fligure. State space  pp essssasss 5’ A 1.5 BlStablllty domain
(X, x =Yy) representatlo; 1 B o \ 1 H: Hopf bifurcation
for vy = 'y SN: Saddle-node bifurcation
=0 [ e Pl 0.5 P et e e e e e —
I N S) ' ' ' '
- 1 2 3 4 S 6
o N ™ (o
2 - Slipv,. #0 _ | o - | .
N Figure. Bifurcation diagram of the friction system generating using the
-2 -1 0 1 2 3

MANLAB software (v4.2.3)
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Introduction

Basin of attraction

Basin of attraction (BA): for a given stable

Mathematical model of the stick-oscillator

solution the BA is the set of initial conditions

leading to this solution.

4 -

Stable equilibria
3.5 | Unstable equilibria

Stable periodic (L2-norm)

i Unstable periodic (L2-norm)

2.5

*
*
*
*
*
*
*
*
“
*

SN
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Bifurcation analysis with constant parameters

Effect of a time-varying parameter: rate-induced tipping

Conclusions and perpectives

Basin separatrix (BS): boundary in state space
(x, x = y) separating two BAs

Here : BS = unstable periodic solution

’UO ll#llllll

IIII+IIIIII

,,,,,,,,,,

Figure. Numerical simulations for v, = 2 and three initial conditions: (a) in the

phase space (x, X) and (b) times series
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4.
Effect of a time-varying parameter:
rate-induced tipping
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Observing rate-induced tipping

 Equation of motion of the mass with time-varying belt  Examples of time simulations with two slightly different

velocity vy = u(?): values of r with 7| < r,
X + ﬂx + X = Freg(vr) — Freg(-x_u(t)) 4
= 3
« With a saturating time profile: 5 2
1
Uoice’

u(f) = —— 0
I/l>k+l/t0 (e”t — 1) 4
2
* rthe rate of change and /™ the target value of u > 0l
(within the bistability domain) = o

-4

— — % 0 200 400 600 800

| t
Rate-induced tipping
0 200 400 600 800 For a given target value u™* and the same initial

conditions the steady state regime depends on the
rate of change r
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Predicting rate-induced tipping

Tipping separatrix — 1 Stable (invariant) manifold W* of p“:
« Two-dimensional surface in the state space (x, v, u)

« Family of solutions which reaches p“
* 1 stable equilibrium » Computed here using a time reversal procedure

« 1 stable periodic solution p°

* The system with time-varying belt velocity has:

Stable (invariant)
manifold W*-ef p"“,,

1 unstable periodic solution p*“

Corresponding to the solutions with constant v, = u*

S
4 -
Stable equilibria SN A solution with IC Y
o8 S ELELELEL Unstable equilibria o 1y -
Stable periodic (L%-norm) | | & ¢ e W’ — p~isthe
JL|r Unstable periodic (L2-norm) = steady—state
2.5 08 ;P I e | N
.... -10 “nstable periof
8 2t/ e | 000 S 5 .
,,,, 0 N pUin (x, »
15 002 004 006 7 7 Bistability domain T 0 e U
- 4
1 ) 10
0.5 i
: > 3 4— u* 5 5 = 1//* acts as a TIPPING SEPARATRIX
(%0
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Predicting rate-induced tipping

Tipping separatrix — 2

4
Tippping separatrix 3

Generalization of the concept of El ?
basin separatrix to a dynamical system with a 0
time-varying parameter 0
t t
In the state space (x, y, 1), a solution with an 0!9 T 0'9 .

initial condition (IC):

* (Case 1) one side (side 1) of the tipping
separatrix: the periodic solution p° is reached

* (Case 2) other side (side 2) of the tipping
separatrix: the equilibrium is reached

Gxample 1: same initial conditions anm
different rates of change r; and r»:

e ¥ =r;:case 1
!rzrz:casez J
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Predicting rate-induced tipping

Tipping separatrix — 3

4

Tipping separatrix 3 .

e N ad
S :

Generalization of the concept of basin separatrix 1 i
to a dynamical system with parameter drift 00

t t
510 510

In the state space (x, y, 1), a solution with an 1
initial condition (IC):

* (Case 1) one side (side 1) of the tipping
separatrix: the periodic solution p° is reached

* (Case 2) other side (side 2) of the tipping
separatrix: the equilibrium is reached

ﬂxample 2: same rates of change (r = r,) anm
different initial conditions:

 First initial condition: case 2

u Second initial condition: case 1 J

Case
the tipp

- Tipping separatrix
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5.
Conclusions and perspectives
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Conclusions and perpectives

Conclusions
1. Rate matters as much as value. Two close parameter rates of change can drive the system toward opposite
asymptotic states — a behavior that classical bifurcation analysis fails to capture

2. A single object (manifold) suffices. The tipping separatrix alone characterizes the global response and enables
prediction of rate-induced tipping

3. Tipping separatrix — a predictive tool. Provides a simple diagnostic for rate-induced tipping in self-sustained
frictional oscillators, extendable to other mechanical systems

1. Generalize the separatrix concept to higher-dimensional systems with tristability or
more complex multistability.

2. Develop advanced methods for the accurate numerical computation of tipping
separatrices in complex systems
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Thank you for your attention

Questions?



