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Context
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https://www.youtube.com/watch?v=kSsnHSvMtpw

• Wind turbine flutter

• CoREVE project: 
• Contrôle et  Récupération d’Energie
Vibratoire dans les Eoliennes

• Funded by Région Centre Val de Loire

• 2 objectives
• Vibration mitigation 
• Energy harvesting for wireless monitoring
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Academic model

• Primary system
• Linear, resonant
• Harmonic excitation

• BNES1 damper (Bistable Nonlinear Energy Sink) 
• Nonlinear cubic stiffness 𝑘!"#
• Linear negative stiffness −𝑘! (bi-stability)
• 3 equilibrium positions 

• 1 instable 𝑦 = 0
• 2 stables 𝑦 = ± 𝑦$

• Piezo electric device
• Generator convention 
• Simple electrical circuit ( singular resistor)

Model description
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Academic model

• Primary system
• Linear, resonant
• Harmonic excitation

• BNES1 damper (Bistable Nonlinear Energy Sink) 
• Nonlinear cubic stiffness 𝑘!"#
• Linear negative stiffness −𝑘! (bi-stability)
• 3 equilibrium positions 

• 1 instable 𝑦 = 0
• 2 stables 𝑦 = ± 𝑦$

• Piezoelectric harvester
• Generator convention 
• Simple electrical circuit ( singular resistor)



Model equations
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Mechanical equations of motion: 

Electrical circuit equation:

𝐶%𝑉& +
1
𝑅 𝑉 = 𝜒(𝑦&−𝑥′)

𝑚! 𝑦&& + 𝑐! 𝑦& − 𝑥& − (𝑘!−𝑘') 𝑦 − 𝑥 + 𝑘!"# 𝑦 − 𝑥 ( + 𝜒𝑉 = 0

𝑚) 𝑥&& + 𝑐)𝑥& + 𝑘)𝑥 + 𝑐! 𝑥& − 𝑦& − (𝑘!−𝑘') 𝑥 − 𝑦 + 𝑘!"# 𝑥 − 𝑦 ( − 𝜒𝑉
= 𝐹 c𝑜𝑠(𝜔)𝑡)

𝐶* 𝑅𝜒 𝑉

𝐼'

𝐼+

𝐼

𝑘! − 𝑘' > 0 to conserve a BNES



Model equations 
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Mechanical equations of motion: 

Electrical circuit equation:

Dimensionless equations and parameters

;𝑉& + 𝑟 ;𝑉 − 𝜒!( =𝑦&−=𝑥′) = 0

𝜖 =𝑦&& + 𝜖𝜇 =𝑦& − =𝑥& − 𝜖(𝛽 − 𝛽') =𝑦 − =𝑥 + 𝜖𝛼 =𝑦 − =𝑥 ( + 𝜖𝜒) ;𝑉 = 0

=𝑥&& + 𝜖𝜂 =𝑥& + (1 + 𝜖𝜎)=𝑥 + 𝜖𝜇 =𝑥& − =𝑦& − 𝜖(𝛽 − 𝛽') =𝑥 − =𝑦
+ 𝜖𝛼 =𝑥 − =𝑦 ( − 𝜖𝜒) ;𝑉 = 𝜖𝐹 c𝑜𝑠(𝑡̂)

Rescaled quantities:
𝑡̂ = 𝑡𝜔); =𝑥 = ,

#
; =𝑦 = -

#
; ;𝑉 = .

/
𝜖 = 0!

0"
≪ 1: mass ratio between BNES and PS 



Diversity of vibrational regimes
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Without piezoelectric element

Regimes: 
• Periodic 
• Strongly modulated (SMR)
• Chaotic

𝝐 = 0,005 ; 𝜼 = 0,5 ; 𝝈 = 0 ; 𝜶 = 0,75

• Zero centered
• Non-zero equilibria position centered



Diversity of vibrational regimes
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With piezoelectric element

𝝐 = 0,005 ; 𝜼 = 0,5 ; 𝝈 = 0 ; 𝜶 = 0,75 ; 𝜷𝒑 = 0,1 ; 𝒓 = 0,1 ; 𝝌𝟏 = 0,7 ; 𝝌! = 0,7



Methodology & Representation
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Variable substitution 

Fast-Slow analysis

2MSBMD: [Luongo & Zulli (2012), Nonlinear Dyn, 70(3)]
3Application to BNES: [Bergeot & Berger (2024), Physica D, 460] 

1:1 resonance capture assumption
𝑥, 𝑧, 𝑉 amplitude-phase modulation: 

Derivation of the modulation flow 
using MSHBM2,3 (Multiple Scale/ 

Harmonic Balance Method) :

𝑧 = 𝑥 − 𝑦 𝑥(t) = 𝒂(𝒕) cos(𝑡 + 𝜽(𝒕))
𝑧(t) = 𝒃 𝒕 + 𝒄 𝒕 cos 𝑡 + 𝝋 𝒕
𝑉(t) = 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑐 𝑡 , 𝜑 𝑡

𝑎̇ = 𝜖𝑓)(𝑎, 𝑏, 𝑐, 𝜃, 𝜑)
𝜃̇ = 𝜖𝑓!(𝑎, 𝑏, 𝑐, 𝜃, 𝜑)
𝑏̇ = 𝑔)(𝑎, 𝑏, 𝑐, 𝜃, 𝜑, 𝜖)
𝑐̇ = 𝑔!(𝑎, 𝑏, 𝑐, 𝜃, 𝜑, 𝜖)
𝜑̇ = 𝑔((𝑎, 𝑏, 𝑐, 𝜃, 𝜑, 𝜖)



Methodology & Representation
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• Simpler system behavior

• Presence of 𝜖 ≪1	⇒ Fast-Slow system

Derivation of the modulation flow using MSHBM2,3:
𝑎̇ = 𝜖𝑓!(𝑎, 𝑏, 𝑐, 𝜃, 𝜑)
𝜃̇ = 𝜖𝑓"(𝑎, 𝑏, 𝑐, 𝜃, 𝜑)
𝑏̇ = 𝑔!(𝑎, 𝑏, 𝑐, 𝜃, 𝜑, 𝜖)
𝑐̇ = 𝑔"(𝑎, 𝑏, 𝑐, 𝜃, 𝜑, 𝜖)
𝜑̇ = 𝑔#(𝑎, 𝑏, 𝑐, 𝜃, 𝜑, 𝜖)

Fast-Slow system

Original System: Periodic
Modulation Flow: Equilibrium

Original System: SMR
Modulation Flow: Periodic

2MSBMD: [Luongo & Zulli (2012), Nonlinear Dyn, 70(3)]
3Application to BNES: [Bergeot & Berger (2024), Physica D, 460] 

z(
t),
b(
t)+

c(
t)

z(
t),
b(
t)+

c(
t)



Methodology & Representation
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Critical Manifold:

• ℳ! = 𝑎, 𝑏, 𝑐, 𝜃, 𝜑 |
𝑔" 𝑎, 𝑏, 𝑐, 𝜃, 𝜑, 0 = 0
𝑔# 𝑎, 𝑏, 𝑐, 𝜃, 𝜑, 0 = 0
𝑔$ 𝑎, 𝑏, 𝑐, 𝜃, 𝜑, 0 = 0

• 2 branches:
• 𝑏 = 0 (red)
• 𝑏 ≠ 0 (blue), symmetric with respect to the plane 𝑏 = 0

Critical Manifold ℳ!
Time step



Equilibria of the modulation flow: 
• To characterize the slow-phase
• Stable equilibrium = possible periodic solution 

( original dynamic)

Methodology & Representation

09/06/2026 A. Couineaux -- EURODINAME III 14

Critical Manifold ℳ!



PE influence on Critical Manifold
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WITHOUT Piezoelectric element
SMR

WITH Piezoelectric element
Periodic

𝝐 = 0,005 ; 𝜼 = 0,5 ; 𝝈 = 0 ; 𝜶 = 0,75 ;
𝐹 = 1	; 	𝜇 = 0.30

𝜷𝒑 = 0,1 ; 𝒓 = 0,1 ; 𝝌𝟏 = 0,7 ; 𝝌" = 0,7

𝛽 = 0.15



PE influence on Critical Manifold
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WITHOUT Piezoelectric element
Chaotic - SMR

WITH Piezoelectric harvester
SMR

𝝐 = 𝟎, 𝟎𝟎𝟓 ; 𝜼 = 𝟎, 𝟓 ;
𝝈 = 0 ; 𝜶 = 0,75 ;
𝐹 = 1	; 	𝜇 = 0.30;

𝛽 = 0.40

𝜷𝒑 = 𝟎, 𝟏 ; 𝒓 = 𝟎, 𝟏 ;
𝝌𝟏 = 0,7 ; 𝝌" = 0,7



Influences on PEH parameters
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Dimensionless harvested energy

E = 	V(t)!	r	t
r ∝ 	1/R
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Conclusion

• The method allows to:
• Predict (or understand):

• the rich dynamics of the system
• Interpret the effect of the PEH parameters on this dynamics

• Limits of the method:
• Basins of attraction need to be investigated for full 

prediction
• Pertinence of the 1:1 resonance capture assumptions for 

chaotic regimes

• Perspectives:
• Comparison of the model with experimental data

09/06/2026 18


